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Abstract 

This is the part II of the series under the same title. In part 
I, using the approach developed by Catanese-Pignatelli [5], we gave 
a structure theorem for hyperelliptic genus 3 fibrations all of whose 
fibers are 2-connected (|12|). In this part II, we shall give a structure 
theorem for smooth deformation families of these to non-hyperelliptic 
genus 3 fibrations. As an application, we shall give a set of sufficient 
conditions for our genus 3 hyperelliptic fibration above to allow defor- 
mation to non-hyperelliptic fibrations, and use this to study certain 
minimal regular surfaces with cf = 8 and p g = 4: we shall find in 
the moduli space two strata A4q and A4q (each of dimensions 32 and 
30, respectively), and show that Bauer-Pingatelli's stratum M.q ([3]) 
and its 26-dimensional substratum are at the boundary of these new 
strata A4 and M.q, respectively. 



1 Introduction 

In classification of algebraic surfaces of general type, we sometimes encounter 
a situation where we have classified all the possible types of the surfaces of a 
class, but not yet having clarified the global structure of moduli space. Such 
situation appears for example in the case of minimal regular surfaces with 
c\ = 6 and p g = 4, where Horikawa classified the surfaces into 11 types, and 
showed, gluing these strata, that their moduli space has at most 3 connected 
components ([II]). Although Bauer-Catanese-Pignatelli [2] later succeeded 
in showing that the moduli space has at most two connected components, the 
determination of the number of the connected components still remains as a 
challenging problem. Since we have such cases, it is of interest to develop a 
tool with which we can glue strata of a moduli space. 



During this study, the author was supported by DFG Forshergruppe 790 "Classifica- 
tion of algebraic surfaces and compact complex manifolds" . 
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In the present paper, as an example of such attempts, we shall give a 
structure theorem for smooth non-hyperelliptic deformation families (over 
smooth base spaces) of the genus 3 hyperelliptic fibrations treated in [P2] . 
Here by a non-hyperelliptic deformation family we mean a deformation fam- 
ily (of fibrations) whose general fibers give non-hyperelliptic fibrations. We 
shall also give using this structure theorem a set of sufficient conditions for 
our hyperelliptic genus 3 fibration to allow a non-hyperelliptic deformation 
(Theorem [2]), and then use it to study certain classes of minimal regular 
surfaces with p g = 4 and c\ = 8. Note that, for our purpose, the explicit 
construction in the proof of Theorem [2] is as important as the assertion of 
the theorem itself. 

Our structure theorem is, just like those given in [5], a one-to-one corre- 
spondence between the deformation families and admissible 5-tuples. Since 
outline of the proof is similar to that for case of genus 3 fibrations in [5] , the 
second part (i.e., the set of sufficient conditions and its application to the 
study of minimal regular surfaces with p g = 4 and c\ = 8) in a sense is the 
main part of the present paper. 

The study of minimal regular surfaces with p g = 4 has long history from 
Enriquess [8], and since then there have been a lot of works on the surfaces 
with p g = 4. After the complete classification of the case c\ = 7 by I. Bauer 
PQ , the next case c\ = 8 has been of interests of albebro-geometers working 
on algebraic surfaces (see, e.g., [H], [T3], [3J, [4]). In the present paper 
we shall find two strata Ai^ and Ai b Q (in the moduli space) of respective 
dimensions dimA^o = 32 and dimA^g = 30. Then as an application of the 
sufficient conditions, we shall show that the stratum Aio in |3] and its 26- 
dimensional substratum are at the boundary of our two strata Ail and A4 b , 
respectively. We remark here that, for both of our new strata Ai and Ai b , 
general members have no canonical involution. It is likely that members of 
Ai\ belong to a family constructed by Ciliberto in [6J, but as boundary cases 
(see Remark [2]). As for members of Ai b , to the authors knowledge, they are 
new (see Remark [3]). 

The present paper is organized as follows. In section [21 we shall prove the 
existence of a natural one-to-one correspondence between the isomorphism 
classes of non-hyperelliptic deformation families (of a 2-connected hyperel- 
liptic genus 3 fibration) and the isomorphism classes of admissible 5-tuples. 
Although outline of the proof is similar to that in [5], we replace details by 
more concrete computations. This is because at the last part of the proof, 
because of the lack of compactness of the total space of the deformation 
families, we want to execute computations using the differential forms in 
stead of cohomological definition of the dualizing sheaves. These concrete 
descriptions are implicitly used also in the proof of Theorem [21 
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In section |3l we shall give a set of sufficient conditions (Theorem [5]), and 
apply it to the study of minimal regular surfaces with p g = 4 and cf = 8. 
The proof of Theorem [2] is based on the results in Section [2j As for the 
application, we shall first find the strata Ai and M. , then study general 
members of Bauer-Pignatelli's A4o and its substratum, and finally deform 
the members of Mr Q to those of Ai Q and .Mo- 
Acknowledgment 
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Notation 

In this article, the symbol k always denotes the complex number field C. If 
V is a locally free sheaf of finite rank on a scheme, ikV denotes its rank. 
The symbols and § n (l/) denote the symmetric tensor algebra (of V) 

and its homogeneous part of degree n, respectively. If R is a graded algebra, 
Rj denotes its homogeneous part of degree j. Thus, for example, for the 
polynomial ring k[xo, xi, x^\ over the complex number field k = C, an element 
in k[x ,xi,X2)j is a homogeneous polynomial in x , x\, x 2 of degree j. The 
symbol II means taking the disjoint union of sets. If p is a point of a scheme, 
k(p) denotes the residue field at p of this scheme. If J 7 is a sheaf on a scheme, 
T p denotes the stalk at p of J 7 , and supp J 7 , the support of T . If moreover 
the scheme is over k, and J 7 is coherent, ^(J 7 ) denotes the dimension over k 
of the z-th cohomology group H 1 ^) of J 7 . If a : T — > Q is a morphism of 
sheaves, Im a denotes the image of a. The identity morphism of J 7 is denoted 
by id j-. If W is a subscheme, T\w denotes the restriction of T to W. If S 
is a scheme, and D, a Cartier divisor on S, then Os and Os(D) denote the 
structure sheaf of S and the invertible sheaf associated to D, respectively. If 
S is a smooth variety over k, the symbol K$ as usual denotes the canonical 
divisor of S. If M. is a moduli space, and S, a member of A4, then [S] e M. 
denotes the point of M. corresponding to the isomorphism class of S. 

2 Structure theorem 

Let us first fix the terminology. Assume we are given a non-singular variety T, 
a proper smooth family 7r e : B — > T of irreducible curves of genus b, a proper 
sooth family 7r 5 : S — > T of irreducible surfaces, and a proper flat surjective 
morphism f : S — > B such that ng = t^b f • If we fix a closed point to G T, we 
shall call the collection of data (S, B, T, to, f, its, ttb), a family of deformations 
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of the fibration f : S — 7rJ (to) _ > B = 7r e 1 (t ) (where / is the restriction of 
f). For each closed point t G T, we denote by f t : S t — 7rJ (t) B t = 7Tg 1 (t) 
the restriction of f to the fibers St and 5 4 over t. 

In the present paper, we study the case where the central fibration / : S — > 
B is a genus 3 relatively minimal hyperelliptic fibration all of whose fibers 
are 2-connected, and such that for general t G T the fibration f t :S t —> B t is 
non-hyperelliptic. In this case, if we replace the parameter space T by smaller 
one, we may assume that the 2-connectedness property holds for any t G T. 
So in the present paper, we assume that for any t G T, the ft : St — > B t is a 
relatively minimal genus 3 fibration all of whose fibers are 2-connected. We 
shall call such deformation family a (2-connected) non-hyperelliptic defor- 
mation family of the 2-connected hyperelliptic genus 3 fibration / : S — > B. 

Given such a family, we define the coherent sheaf ujs\b by ujs\b — Os(K s — 
f*Ks), and denote by V„ = f*{^f!g) the direct image by f of its n-th tensor 
power u;Jjg. Then for any natural number n > 0, the sheaf V n is locally free, 
and its rank is given by rk V„ = 4n — 2 for n > 2, and rkV„ = 3 for n — 1. 
We define the relative canonical algebra 71 by 1Z = 71(f) = ©£L Q V n , and the 
relative canonical model X by q : X = Vroj 1Z — > B, where q is the structure 
morphism. We put n x = n B o g : X — > B. Then it is easy to see that for any 
closed point t G T the natural restriction g t : X t = ir% (t) — >■ B t — vr^" 1 (t) is 
the relative canonical model of ft : St — > B t . 

As in Catanese-Pignatelli [5], we consider the natural morphism a n : 
§ n (Vi) — > V n determined by the multiplication structure of the relative 
canonical algebra 7Z. Let us denote by l~ n = Coka„ the cokernel of the 
morphism a n . 

By the same method as in Catanese-Pignatelli [5], we can prove the 
following: 

Lemma 2.1. For any closed point b G B, there exists an affine neighbourhood 
U C B of b such that 7Z{U) is of the form 

7l(U) ~ B (U)[xo,x 1 ,x 2 ,y)/{hy - Q(x ,x 1 ,x 2 ), y 2 - P(x ,x 1 ,x 2 )) 

(degXi = 1 for < i < 2 and degy = 2) as graded O^iU) -module, where 
Q(xq,Xx,x 2 ) G O b (U)[x ,xi,x 2 ] 2 and P(x q ,Xx,x 2 ) G O b (U)[x q , x 1} x 2 } 4 are 
homogeneous polynomials in xq, x\, x 2 of degree 2 and 4, respectively, and 
h 7^ G Ojg(U) is a non-zero function on U that identically vanishes on 

B to nu. 

We remark here that if we do not take the completion of the square with 
respect to y, we can set two relations in the relative canonical algebra also in 
the following form: hy—x 2 +Qix 2 +Q 2 and y 2 —Pix 2 y— P 2 y— P^xi—P^ where 
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Pi £ Ojs(U)[xo, Xi]i and Qj G Ob(M)[xo, Xi]j, and such that the restriction 
A|fi t nw and A|s t nw to £> t flW identically vanish. 

The functions /i's in the lemma above patch to define an effective divisor 
f on B, and with this f the sheaf T = "T 2 is an invertible Qf-module. Note 
that the fibration f t : St — »■ 5t is hyperelliptic if and only if S t C suppf. 

Lemma 2.2. For any integer n > 2, the image Ima n is a locally free sheaf 
of rank An — 2. The sheaf T~ n is a locally free O f -module of rank 2n — 3. 

Proof. We only need to check the assertion in a neighbourhood of each 
b G suppf. Take the sections Xj's and y such that the relations in the 
relative canonical algebra are of the form hy — x\ + Q\x 2 + Q2 and y 2 — 
P\X 2 y - P 2 y - P3X2 - Pa and such that Pi\ Bt nu = A|s t n« = 0. For each 
n > we denote by (*) n the set of monomials in xq, x\ of degree n. Then 
the disjoint union (*)„ II ((*)„_i • x 2 ) II ((*) n _ 2 • y) II ((*) n _ 3 • x 2 y) forms a 
base of the free 0,B(W)-module V n (W), and by the two relations above we 
see easily that the module (Ima n )(U) is generated in V n (U) by the disjoint 
union (*) n II ((*)„_i • x 2 ) II ((*) n _ 2 • hy) II ((*)„- 3 • hx 2 y). Then the assertion 
easily follows. □ 

Lemma 2.3. Let C n = kera n be the kernel of the morphism a n : § n (Vi) — > 
V n . Then the following hold: 

1) C 2 ~ £3 ~ 0. Moreover for each n > A, the sheaf C n is locally free of 
rank (n — 2)(n — 3)/2. In particular £4 is an invertible sheaf. 

2) For each n > A, the natural morphism £4 ® § n ~ 4 (Vi) — > C n is an 
isomorphism. In particular the relative 1 -canonical image E is a divisor 
in P(Vi) belonging to the linear system |Cp(v 1 )(4) (g) prL v >£f^ where 
P r P(Vi) : IP(Vi) B is the structure morphism. 

Proof. The assertion 1) follows from the exact sequence > 
S n (Vi) — > Im(j n — > 0, since S>™(Vi) and Ima„ are locally free sheaves of 
rank rk§™(Vi) = (n + 2){n + l)/2 and rklmcx n = An — 2, respectively. Let 
us prove the assertion 2). Since I11KX4 is locally free, we see that for any 
closed point b G B the natural morphism £ 4 <S> k(b) — > S 4 (Vi) <S> k{b) is 
injective. Thus for any n > A the natural morphism (£4®S n_4 (Vi)) ®k(b) — > 
S n (Vi) ® k(b) is injective, which implies also the injectivity of the morphism 
(£4®S n ~ 4 (Vi)) (&k(b) —> C n ®k{h). This implies the assertion, since we have 
rk (£ 4 ® § n ^ 4 (Vi)) = rk£ n = (n - 2){n - 3)/2. □ 

As in Catanese-Pignatelli [5], we consider the morphism c : S 2 (/\ 2 Vi) — > 
S 2 (S 2 (Vi)) given by (a A b)(c A d) >->■ (ac)(bd) - (ad) (be), and define the 
coherent sheaf V 4 on £ by V 4 = Cok(§ 2 (a 2 ) o c : § 2 (A 2 Vi) ->■ § 2 (V 2 )). By 
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the same argument as in [51 Lemma 7.6], we see that V4 is a locally free sheaf 
of rank rk V4 = 15. Note that we have a natural short exact sequence 

2 

-> § 2 (/\ Vi) -> § 2 (§ 2 (Vi)) ->• § 4 (Vi) ~ Cok c -> 0. 

Lemma 2.4. Lei 6 G B be a closed point. Take an affine neighbourhood U C 
B of h as in Lemma \2.1\ i.e., such that 1Z(U) ~ Ob(L{)[xq, X\, x 2 , y]/(hy — 
Q,y 2 — P) for a suitable choice of Xi's G V\(U) and y G V2(U), and of 
Q G Ob(U)[x , Xx, ^2)2 and P G (9b(W)[x , Xi, x 2 ] 4 . Define the graded algebra 
1Z(U) by 1Z(U) = Ob(U)[x , xi, X2, y]/{hy — Q). Then there exist natural 
isomorphisms 1Z(U)2 — V 2 (W) and IZiU)^ ~ V±(IA) for which the morphism 
§> 2 (V 2 )(W) — > ViiU) induced by the multiplication morphism § 2 (7?.(ZY) 2 ) — > 
ll(U)4 coincides with the natural projection § 2 (V 2 )(W) — > V4(U) determined 
by the definition ofV A = Cok (§ 2 (a 2 ) o c : § 2 (A 2 Vi) § 2 (V 2 )). 

Proof. Let 1Z(U) — > 1Z(U) be the natural projection. Then via this 
projection we have isomorphisms lZ(U)i ~ lZ(U)i for i — 1, 2. Consider the 
multiplication morphism 

s 2 (n(u) 2 )^n(i()4, (i) 

and denote by E> 2 (E> 2 (1Z(U)i)) — > 7t(W) 4 the composite of two morphisms 
S 2 (S 2 (ft(W)i)) § 2 (^(W) 2 ) and (P), where the § 2 (S 2 (ft(W)!)) -> § 2 (ft(W) 2 ) 
is the morphism induced by the multiplication § 2 (7£(W)i) — > 1Z(U)2- Con- 
sider also the the composite S> 2 (/\ 2 R(U)i) — > R(U)4 of the two morphisms 

2 2 
S 2 Noc: § 2 (/\^(W)!)(^ § 2 (/\ Vi(W))) -> § 2 (^(W) 2 )(^ S 2 (V 2 (W))) 

and (fl]). Since the § 2 (§ 2 (^(W)i)) -> 1Z(U) A above factors through the natural 
multiplication morphism S A (1Z(U)\) —> 1Z(U)4, we see that the composite 
S 2 (/\ 2 R(U)i) — >■ R{U)4 above is a zero morphism. This implies that the 
morphism (TTJ induces a surjection V^ZY) ~ Cok(S 2 ((X2) o c) — > i?(W) 4 . Since 
both V4(W) and R(U)4 are free of rank 15, we have the assertion. □ 
Since the natural morphism S 2 (S 2 (Vi))(— > S 2 (V2)) — > V4 factors through 
§ 2 (§ 2 (Vi)) -> § 4 (Vi) ~ Coke, this § 2 (V 2 ) -> V 4 induces the natural pro- 
jection V 4 — >■ V4. We denote by £ 4 the kernel of this induced projection 
V4 — >■ V4. Note that we have a natural morphism S 4 (Vi) ~ Coke — >• V 4 = 
Cok (§ 2 (cf 2 ) o c). Since the composite S 4 (Vi) — >■ V4 of this morphism with the 
projection V4 — > V4 coincides with the multiplication 04 : S 4 (Vi) —> V4, we 
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obtain the commutative diagram 

> £ 4 > S 4 (Vi) > § 4 (Vi)/£ 4 > 



> C' A > V 4 > V 4 > 0, 

where the two rows are exact. 

Lemma 2.5. Let W C P(V2) be the image of the rational Veronese map 
P(Vi) > P(V2). Then the relative canonical model X of S is a hyper- 
surface ofW cut out by £4. 

Proof. Let b e supp f , and take an affine neighbourhood U C B of 
b as in Lemma 12.11 Consider the graded algebra TZ(U) as in Lemma 12.41 
Then the two natural morphisms S(ft(W)i) K(U) and §{R,(U) 2 ) -»■ 7l(W) 

induce a rational map Proj 1Z(U) — >■ P(Vi)|w and a closed immersion 

Proj 1Z{U) — > P(V2)|w, respectively. Moreover, we see easily that the restric- 
tion (Proj£(W))| wVsuppf ^P(Vi)| w \ suppf of this Proj^(W) >P(Vi)| w is 

an isomorphism. Thus, since Proj TZ(U) is irreducible and reduced, we con- 
clude that W\u = Proj 72 (W). The morphism 72(W) 4 — > 72 (U) 4 induced by 
the natural projection TZ(U) —> 1Z(U) coincides with the projection V 4 — > V4 
constructed above. □ 

In the description W\u = Proj 1Z(U) of W\u above, the polynomial y 2 — P 
is a base of C 4 (U) that cuts out X\u in W|^. Meanwhile the natural rational 

map W\u > P(Vi)|w is induced by the natural morphism §>(lZ(U)i) — 

Ob(U)[x , xi, x 2 ] —> H(U), and so the polynomial Q 2 — h 2 P is abase of C±{IA) 
(i.e., the defining equation of E\u in P(Vi)). Note that in 1Z(U) we have 

Q 2 -h 2 P = h 2 (y 2 -P). (2) 
Since h is a defining equation of the divisor f , it follows from (|2D that 

£' 4 ~ £ 4 ®C B (2f). 

Lemma 2.6. Lei ^ : <S — >• ^ fre the natural projection to the relative canon- 
ical model X , ipi : X — > E, the natural projection to the relative 1 -canonical 
image E, and ) s : E — > P(Vi), the natural inclusion to the projective bundle 
P(Vi). Let g : X -)■ B, pr^. : E -> S ; and pr P(Vi) : P(Vi) B be the natural 
projections. Let uj be the invertible sheaf on X defined by 

W = 0J7 O ^l)*Cp(Vi)(^P(Vi) + £ - P4(Vi)(^B + 

JTien a;5|g ~ where the sheaf u)s\b ^ s by definition Ob(Ks — f*K$). 
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Proof. Let Wi be the open set of W obtained by subtracting the indeter- 
minacy locus of the rational map W > P(Vi). Put W = Wi - (Wi) S i ng . 

Let us denote by g : Wi — > P(Vi) the restriction to Wi of the rational map 
W )• P(Vi). Then as Cartier divisors the following hold: 

X\ m = (g*E)\ Wl -2( W * w (f))\ Wl (3) 
K m = (g*K nVl) )\ m + (pr^(r))| Wo , (4) 

where pryy : W — > B is the natural projection. Indeed ([3]) follows from (j2J), 
and (jl]) follows from a direct computation of pullbacks of differential forms 
using the descriptions in Lemma [2^41 of 1Z(U). Adding <^fy and (jl]), we see that 
0i; o '^i)*Cp(Vi)(-^P(Vi) + £' — pTp, v JKB+f)) is an invertible sheaf on X whose 
restriction to X = X \ X^^ coincides with the sheaf ojs\b = Os(Ks — T^-b)- 
Thus letting {T>i} be the set of irreducible divisors on S exceptional with 
respect to ip : S — > X, we see that their exists a collection {a«} (a^ G Z) 
such that <g> (w^)®^ 1 ) ~ ©s^a^) holds. Thus for any closed 

point t G T and for any (— 2)-curve D on exceptional with respect to 
St — > X t , the equality (^ajPi^jD = holds. Since the intersection form 
of a fundamental cycle of a rational point is nondegenerate, it follows from 
this that = for all z's. Thus we obtain the assertion. □ 
Now since E G |0 P ( Vl )(4) <g> pTp, v J£® )|, we have 

^feo ^)*(<Pp(vo(1) ® pr; (Vl) ((det Vi) ® O b {-t) ® Cf~ 1} )). 

From this it follows 

V n ~ 0*(a^ n ) ~ (pr^i^C^n)) ® ((detVi) ® O s (-f) g» £? (5) 

where V„ ~ 0*(w® n ) follows from Lemma [2.61 and the normality of X. Since 
we see by easy computation (pi z^ipi^tplO z(n)) ~ V n , we obtain (by taking 
the determinant bundle of ([5]) for n — 1 and n = 4) that 

((detVi) ® B (-f) <g> £f ~ ((detVi) ® B (-r) ® £? _1) f 56 - 

hence £4 ~ (detVi) <8> Oq(—t). Thus we obtain the following: 

Proposition 1. C 4 ~ (detVi) ® O b (t). 

Now let us define the 5-tuple for non-hyperelliptic deformation families. 
Let T be a smooth variety, t G T, a closed point, and 7Tb : B — >• T, a smooth 
proper family of irreducible curves of genus b. Let Vi be a locally free sheaf 
of rank 3, and f, an effective divisor on B such that B to = Kg 1 (to) C suppf. 
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Assume that we are given an invertible C^-module T . Assume moreover 
that we are given an extension class 

f: 0^§ 2 (Vi) ->• V 2 ^T^O 

such that V2 is a locally free sheaf (of rank 6) on B. Then the morphism 
&2 : S 2 (Vi) — > V2 in the extension class £ induces a rational Veronese map 

P(Vi) > P(V2). We denote by W the image of this rational Veronese map. 

Let c : § 2 (/\ 2 Vi) — >■ § 2 (S 2 (Vi)) be the morphism given in the paragraph just 
after Lemma [231 and define the coherent sheaf V4 by V4 = Cok (S 2 ((f 2 ) o c). 
Then V4 is a locally free sheaf of rank 15. Put £ 4 = (detVi) <8> C?s(f), and 
assume that we are given an inclusion j : £ 4 — > V4. Then j cuts out a 
hypersurface of W. Consider the following condition: 

CD) For any closed point b G suppf the image of the morphism V2 <8> 
§ 2 (Vi) <g> k(b) -> V 4 <g> fe(fe) and the image of £4 <g> fe(fe) -> V 4 <g> intersect 
each other only at G V 4 ® k(b), where V2 <8> § 2 (Vi) — > V4 is the composite of 
the morphism (idy 2 • 02) : V2 <8> § 2 (Vi) — )■ § 2 (V2) and the natural projection 

§ 2 (v 2 )->v 4 . 

We call (7Tg : 23 — >• T, Vi, f , £, j) a 5-tuple for non-hyperelliptic deforma- 
tion families, if it satisfies the condition CD) above. Moreover, we say that a 
5-tuple (7r B : B — > T, Vi, f , £, j) is admissible, if the following two conditions 
are satisfied: 

I) let g : X — > B be the natural projection and put ix x = t^b Q '■ X — > T; 
then for any closed point t G T, the scheme theoretic fiber X t = vr^ 1 (t) has 
at most rational points as its singularities; 

II) Q : X — > B admits a simultaneous resolution %p : S — > X without taking 
a branch cover of T, such that for any closed point t G T the restriction 
ipt '■ St —> X t of ip to St gives the minimal resolution of X t , where 11$ = 
7i x $ : <S — > X an d S t = 7r^" 1 (t). 

Remark 1. The condition CD) is equivalent to say that X does not intersects 
the indeterminacy locus of W > P(Vi). 

Given an admissible 5-tuple, let § 4 (Vi) —> V4/ '£ 4 be the composite of the 
natural morphism S 4 (Vi) ~ ker c — > V4 ~ ker (S 4 (Vi)oc) and the natural pro- 
jection V4 — > V4/ '£ 4 . Define the invertible sheaf £4 by £4 = ker(§ 4 (Vi) — > 
V±/C' A ). Then £ 4 cuts out a relative quartic £ C P(Vi). The natural projec- 
tion -01 : — > £ is a birational morphism, and gives an isomorphism when 
restricted to the inverse image of B \ suppf. By the same computation as in 
the proof of Lemma [231 we see that Os(K s — f*K s ) ~ ip*Oz:(i). From this it 
follows that ft'.St—t B t is a relatively minimal genus 3 fibration. Since the 
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image of <t 2 ® idfc^) : § 2 (Vi) ® k{b) — >■ V2 <8> has rank > 5 for any closed 
point b G B, it follows that all the fibers of f t : St B t are 2-connected 
(see, e.g., [121 Lemma 4.1]). We shall call f : «S — > B the non-hyperelliptic de- 
formation family (of the fibration f to : S to —> B to ) associated to the 5-tuple 

By Lemma 12.61 and Proposition [H we obtain the following: 

Proposition 2. Let (S, B, T, to, f, its, ^b) be a 2-connected non-hyperelliptic 
deformation family as in the beginning of this section (of a relatively mini- 
mal genus 3 hyperelliptic fibration with all fibers 2-connected). Put us\b = 
O s {K s - f*K B ) and V n = f*(wf"). Let a 2 : § 2 (Vi) ->■ V 2 be the morphism 
induced by the multiplication structure of the relative canonical algebra off. 
Let f, T , and £ : — >■ S 2 (Vi) — > V2 — > T — > be as in the paragraph just 
before Lemma \2.B. Let moreover ) : C 4 — > V4 be as in the paragraph just 
before Lemma l27h\ Then (n B : B —¥ T, Vi, f, £, )) is an admissible 5-tuple. 

By the computation above we obtain the following: 

Theorem 1. Let f : S — >■ B be a relatively minimal genus 3 hyperellip- 
tic fibration all of whose fibers are 2-connected. Then the isomorphism 
classes of 2-connected non-hyperelliptic deformation families (of the fibra- 
tion f : S — >■ B) are in one-to-one correspondence with the isomorphism 
classes of admissible 5-tuples for 2-connected genus 3 non-hyperelliptic de- 
formation families for which the central fibrations ft : St — > B to 's coincide 
with f : S —7- B. Here by a 2-connected genus 3 non-hyperelliptic deforma- 
tion family, we mean a deformation family (S, B, T, to, f, its, 7Tg) (in the sense 
of the beginning of this section) such that for any general closed point t G T , 
the fibration f t : S t = pr <s 1 (t) — >• B t — pr^ 1 (t) is non-hyperelliptic, and such 
that for any closed point t G T , the fibration ft : St = pr^ 1 (t) — > B t = prg 1 (t) 
is a relatively minimal genus 3 fibration all of whose fibers are 2-connected. 



3 Some regular surfaces with = 8 and p g = 4 

In this section, using Theorem [H we shall study some regular surfaces with 
c\ = 8 and p g = 4. More precisely, in the moduli space of minimal regular 
surfaces with c\ — 8 and p g = 4, we shall find two strata Ai and A4 (each 
of dimensions 32 and 30, respectively) whose members have no canonical 
involution, but have the same deformation type as that of members of the 
stratum Aio in Bauer-Pignatelli [3]. It will turn out that the Stratum A4q 
(resp. a substratum of .Mo) is at the boundary of our stratum Ai\ (resp. 
M ). 
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An existence theorem 

First, we prepare for an existence theorem for non-hyperelliptic deforma- 
tion families of given 2-connected genus 3 hyperelliptic fibrations, using the 
language of 5-tuples for (2-connected) hyperelliptic genus 3 fibrations given 
in the part I of this series [12] . For the definition of a 5-tuple for hyperelliptic 
fibrations, see [T2"] . 

Assume that we are given a relatively minimal genus 3 hyperelliptic fi- 
bration / : S — > B with all fibers 2-connected. We put V n = f*(wg\g) 
for each n > 0. Then the hyperelliptic involution of / induces a splitting 
V n = © V~ into the eigen-sheaves and V~. The sheaves and 
V~ are locally free. We have rkVi = rkV{~ = 3, rkV^ = 2n + 1, and 
rk = 2n — 3, where ± stands for + if n is even, and for — if n is odd, and 
=F stands for — if n is even, and for + if n is odd (throughout this paper, we 
shall keep this rule as to what the symbols ± and =F mean). In particular we 
have rk V 2 = 5 and rk V 2 = 1 • 

Let <j n : S n (Vi) — > V n be the natural morphism determined by the mul- 
tiplication structure of the relative canonical algebra of / : S — > B, and 
denote by <r± : § n (Vi) = § n (Vf ) -> V± the restriction of a n to V± C V n . 
Put L = ker a 2 ■ For the proof of the following Lemma see [12] : 

Lemma 3.1. V 2 ~ (detK) g) L®^ 1 ). 

Now let us denote by c : §> 2 {/\ 2 V\) — >■ S 2 (S 2 (Vi)) the morphism given by 
(a Ab)(c Ad) !->■ (ac)(6d) — (ad) (6c), and define the coherent sheaf V4 on 5 
by 

2 

V^4 = Cok (§ 2 (a 2 ) o c : § 2 (/\ Vi) -)> § 2 (^ 2 ))- 

Then the proof of Catanese-Pignatelli [3 Lemma 7.7] works also for our 
case of hyperelliptic fibrations. Thus we see that for any closed point b G B 
the morphism § 2 (/\ 2 Vi) <g> k(b) -> S 2 (V2) g) fc(fe) has rank 6, and that the 
morphism S 2 (o"2) o c is injective. It follows that V4 is a locally free sheaf of 
rank rk V4 = 15. Note that for our case, we have V2 = V 2 + © V^~, and that the 
morphism S 2 (a"2) o c factors through the natural inclusion § 2 (V2 + ) — > S 2 (V2). 
Thus Cok (S 2 (cr 2 f ) o c) is a locally free sheaf on B of rank 9, and we have 

V 4 = Cok (§ 2 (a+) o c) © {V+ © V 2 ) © (V 2 ~) m . 

Consider the natural morphism S 4 (Vi) ~ Cok c — > Cok (§ 2 (cr 2 f ) o c). Since 
the composite S 2 (Vi) © L — > Cok (§ 2 (cr 2 f ) o c) of the two natural morphisms 
§ 2 (Vi) © L -> § 4 (Vx) and § 4 (V!) ~ Coke -> Cok(§ 2 ( ( r 2 + ) o c) is a zero 
morphism, we obtain a natural projection 

A 4 ^Cok(§ 2 ( ( x 2 f )oc), (6) 
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where A 4 = Cok (§ 2 (Vi) ®L — > § 4 (Vi)). Since A 4 is also a locally free sheaf of 
rank 9 (see [I2J Lemma 3.5]), this induced projection (jH]) is an isomorphism. 
Thus we obtain the following: 

Lemma 3.2. V A ~ A 4 © (V 2 + <g> Kr) © (V^)® 2 . 

The next theorem gives a set of sufficient conditions for the existence of 
non-hyperelliptic deformation families. Note that for our study of regular 
surfaces with c\ = 8 and p g = 4, the explicit construction in the proof of the 
theorem is as important as the assertion itself of the theorem. 

Theorem 2. Let f : S — > B be a relatively minimal genus 3 hyperelliptic 
fibration all of whose fibers are 1-connected. Let V n = © V~ be the 
decomposition of f*{&g™ B ) = V n into the eigen-sheaves with respect to the 
hyperelliptic involution. Put L = kercr 2 C 8 2 (Vi) ; where a 2 : § 2 (Vi) ~^ Vz 
is the multiplication morphism. Put moreover V4 = Cok(S 2 (cr 2 ) c) and 
L' A = (V 2 ~)® 2 . Assume 1) dimHom (§ 2 (V1), V 2 ) > dimHom(F 2 + , V 2 ), 2) 
h^iVi © (L^)®*- -1 -*) = 0, and 3) that the relative canonical model X of S is 
non-singular. Then there exists a deformation family (<S, B, T, to, f, 7Ts, 7Tb) 
of the fibration ft = f- S to — S — > B to = B such that for any general closed 
point t G T the fibration f t : S t = 7r^ 1 (t) — > B t — vr^ 1 (t) is non-hyperelliptic. 

Proof. Take an affine neighbourhood T C A 1 of to — {C = 0} A 1 , where 
( is the standard global coordinate of the affine line A 1 . In what follows, we 
frequently replace the neighbourhood T by smaller one without mentioning 
it explicitly. 

Put B = B x T, and denote by pr : : B — >■ B and ix® : B — > T the 
first projection and the second projection, respectively. We define the locally 
free sheaves Vi, V 2 , and V 2 on B by Vi = pr*(Vi), V 2 = pr*(T^ + ), and 
V 2 = pr^V^ - ). Consider the natural short exact sequence 

— >• L — > § 2 (V r 1 ) -»■ y+ -»■ (7) 

determined by the fibration / : S — > B. 

By the exact sequence (J7|) and the condition 1), there exists an element 
G Hom(§ 2 (Vi), V 2 ) such that 0o 7^ G Hom(L, V 2 ), where O = 4>\l is the 
restriction of 4> to L. Using the two natural morphisms prjcr^ : S 2 (Vi) — > V 2 
and pr*0 : § 2 (Vi) ->■ V 2 induced by a+ : § 2 (Vi) ->■ V 2 + and : § 2 (Vi) ->■ V^, 
respectively, we define the morphism a 2 : S 2 (Vi) — > V 2 = V 2 © V 2 by 
a 2 = (prla 2 ) © (£pr*0). Note that for any non-zero constant c / G C, the 
natural morphism (a 2 © ap) © i^Mb) '■ §> 2 (Vi) © — > V 2 © fc(&) has rank 5 if 
b G supp Cok (</>o), and has rank 6 if 6 G B \ supp Cok (0 O )- Thus there exist 
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an effective divisor f on B and an invertible module C^-module T such that 
B to = 7Tg (to) C suppT and Cok<r 2 — T. 

Using this <r 2 , we define the locally free sheaf V 4 on B by V4 = Cok (§> 2 (<t 2 )o 
c : § 2 (A 2 Vi) -> § 2 (V 2 )), where c : § 2 (A 2 Vi) -> § 2 (§ 2 (Vi)) is the morphism 
given in the paragraph just before Lemma [2.41 Note that we have 

V 4 | Bto ~ Cok (§ 2 (a 2 ) oc) = V i = A i ® {V 2 + © l/ 2 -) © (V 2 -f 2 , 

where V4 is the sheaf on B to as in the beginning of this section. Let us also 
define the invertible sheaf £ 4 on B by C 4 = (detVi) <g> Og(f). Note that we 
have C'^Bi — (det V\) ® Os t (t), where r is an effective divisor on 5 = £? to 
such that O r ~ Cok</> - Thus we have 

4| Bto ~ (det V x ) © V 2 <g> L - 1 ~ (V^f 2 . 

Now let 5 : (Vg - )® 2 — >■ A 4 be the morphism determined by the multipli- 
cation structure of the relative canonical algebra of the fibration / : S — > B 
(see [121 Remark 2]). We define the morphism of sheaves on B 

y.L' 4 ~ (V 2 T 2 ^V A = A,® (V+ ® V 2 ) © (KTf 2 , 

by ) = (-5) © © id (v - )8 a. This defines an element of # (V 4 © (Z4)® (-1) ) = 

F°((V 4 © (A)® (_1) )ls t0 )- Note that the sheaf V 4 © (£ 4 )® (_1) is Sat over T. 
Thus by the assumption h 1 (V^^ (L'^)®^ 1 ^) = and the base change theorem, 
we obtain a morphism ) : £4 — > U 4 such that j|s t = j. 

Since j = (—5) © © (id^y- )® a ) and j|s to — j> we see that if we replace the 
affine neighbourhood T by smaller one, the morphism j satisfies the condition 
CD) in Section [2] (see Remark QJ. Thus 7r B : S -»• T, V x , § 2 (Vi) 
V 2 — >■ T — > 0, f , and j obtained above form a 5-tuple for non-hyperelliptic 
deformation families of the fibration f to = f : S to = S —> B to = B. 

Now let q : X — > B be the relative canonical model associated to this 5- 
tuple. By the definition of j, we see that 7r A ; 1 (t ) (where n x = tc b oq) coincides 
with the relative canonical model X of our S. Since we have assumed that 
X is non-singular, we see that if we replace the affine neighbourhood T 
by smaller one, our X is non-singular. In particular, the 5-tuple above is 
admissible. Thus, putting f = g and S = X, we obtain the assertion. □ 

The stratum M\ 

Next let us construct a family of minimal regular surfaces with c\ = 8 and 
p g = 4 that allow non-hyperelliptic genus three fibrations. We use the same 
method as in Catanese-Pignatelli [5]. Let B = P 1 be the projective line, and 
put Vt = O b (2) © O b (2) © O b (3) and V 2 = Ob(5)® 3 © B (h)® 2 © O b (6). 
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Let {rjo,7]i} be a base of the vector space H (O B (l)). Consider the natural 
inclusion 

B (4)® 3 © B (5)® 2 © O b {6) CV 2 = B (5)® 3 © B (5)® 2 © O b (G) (8) 

induced by the morphism (770, rj — rji, r/i)x : O b (4)® 3 — > O b (5)® 3 and the 
identity of O b (5)® 2 © O b (6). We take a general isomorphism 

S 2 (K) ~ B (4)® 3 © O b (5)® 2 © O fl (6) -> B (4)® 3 © B (5)® 2 © O b (6) (9) 

and denote by a 2 : S 2 (Vi) — >■ V 2 the composite of the two morphisms ([9]) and 
(jHJ). Then r] r]i(r] — r)i) = defines an effective divisor r (of degree 3) of B 
such that § 2 (Vi) -»■ V 2 -»■ T = C r -»■ is exact. 

Let be the image of the rational Veronese map P(Vi) — >■ PCV2) 

induced by a 2 . Then by the same method as in [5j Theorem 8.2], we see 
that if the isomorphism ([9]) is sufficiently general, then the variety has 
at most singularities supported on the indeterminacy locus of the natural 

birational map — > P(Vi). Let us define the invertible sheaf L' 4 on 

B by L' 4 ~ (detVx) © O b (t) ~ O B (10). Letting c : § 2 (A 2 V x ) -> S 2 (S 2 (K)) 
to be the morphism given by (a A 6)(c A d) — >■ (ac)(6c?) — (ad) (be), we again 
define the sheaf V4 on 5 by V4 = Cok (§ 2 (a 2 ) o c : § 2 (§ 2 (^i)) ->• S 2 (V 2 )). 

Lemma 3.3. Let prp^ : Pfl^) — > -B be the structure morphism of ¥(¥2), 

and L4 — > V4, a sufficiently general morphism. Then the hypersurface of 
P0 cut out by the corresponding section of H ((O ¥ (y 2 )(2) ©pr^^L^)®^ 1 )) 
)\wi) is a minimal regular surface with c 2 = 8 and p g = 4. The natural 
projection p : 5" = X* — > B gives a non-hyperelliptic genus 3 fibration all 
of whose fibers are 2-connected. 

Proof. Since we have S 2 (V 2 ) ~ £> B (10)® 15 © O b (11)® 5 © O b (12) and 
L' A ~ O B (10), the linear system |(C P( y 2) (2) © pr^^L^)®^ 1 )))!^! is free 
from base points. Thus a general member = X^ of this linear system 
on W$ is non-singular. Moreover, since /|(w,s») — 0b©C?b©C?b(1), the 
canonical system |w 5 tt| is free from base points. Thus the assertion follows 
from [51 Theorem 7.13]. □ 

Let 0|0 nn) (i)<g, pr ; m) (u, B )| : P(V!) -> P 3 be the morphism determined by 
the linear system | C , p(Vi) (1) ® prjU^Ws) |- Let C P(Vi) be the relative 
1 -canonical image of S". Letting xo, scj., and x 2 be local bases of the di- 
rect summands O b (2), O b (2), and O b (3) of Vi, respectively, we see that 
0|0 P(n) (i)®pr; (Vi) (u,B)| is the contraction of {a; 2 = 0} ~ P(0 B (2) © O b (2)) C 
P(Vi) to a line in P 3 , and that Z 1 " is not contained in {x 2 = 0}. Thus, since 
the canonical map <L>\k s \ of S^ 1 is the composite of the natural projection 
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= X tt E i C P(Vi) and the birational morphism $\o HVl) (i)® P r^ Vi) (u B )\, 
we see that the canonical map $\K st \ is birational. 

Now let us compute the dimension of the stratum (in the moduli space) 
given by the surfaces with c\ = 8 and p g = 4 constructed above. 

First, note that for general a 2 and general L 4 — > V4, the singular locus 
of E^ is E^ fl prp^) (supp r) , and that for each b G suppr the inverse image 
E^ nprp^(fe) is a double conic in prp^(fe) ~ P 2 by (j2J). It follows from this 
that the image $\o nVl) {i)mr* nVl) {u B )\{{ x 2 = °}) is the unique singular line (in 
fact a quadruple line) of the canonical image <&^ K ^(S^). The genus 3 fibration 

/" : — > B is given by the pullback of the linear system consisting of all 
the hyperplanes in P 3 containing this line. Thus in order to compute the 
dimension of the stratum in the moduli space, we only need to compute the 
dimension of the family of the isomorphism classes (up to automorphisms 
of the base curve B) of the non-hyperelliptic genus 3 fibrations constructed 
above. 

Let us compute this dimension. For this, we count the number of param- 
eters that we use in the construction. 

First we may assume that suppr = {0,1, 00} C B = P 1 . Then the 
choice of the extension class of — > S 2 (Vi) — > V 2 — > O t — > depends 
on dim(Ext] 3 (C , r , § 2 (Vi))/Aut(C T )) parameters. Applying the contravariant 
functor {Ext s ( • , S 2 (Vi))} n to the short exact sequence — > Ob(— 3) — > 
O b -> O r ->■ 0, we obtain dimExt^(0 T , S 2 (V\)) = 18. Thus the choice of 
the extension class depends on 15 parameters. 

Next, under a fixed extension class, the choice of cut out by L 4 — > V4 
depends on dimP(if°(V4 © (L 4 )®( -1 ^)) parameters. Let us compute this di- 
mension. Note that we have the short exact sequence — > S 2 (/\ 2 V\) — > 
S 2 (V 2 ) V 4 -»■ tensored by (L 4 )®( _1) . Thus when V 2 ~ B (5)® 3 © 
O b (5)® 2 © O b (6), we obtain h 1 ^ © (L' 4 )® { ~ iy ) = 0. This implies h°(V 4 © 
(L 4 )^) = x(S 2 (^ 2 ) © (£ 4 )® M) ) - X(S 2 (A 2 Vi) ® (LX { - 1} ) and ^(V 4 © 
(L 4 )® ( " 1} ) = for a general 5» in our construction. But we see easily that 
deg(§ 2 (V 2 ) © (^)^(- 1 )) = 7 and deg(§ 2 (A 2 K) ® (£ 4 )® (_1) ) = -4- It follows 
that /i°(y 4 © (L^)®^ 1 )) = 26 for general SK Thus the choice of X* depends 
on 25 parameters. 

So we have 15 + 25 = 40 parameters. We however need to subtract 
dim Aut(P(Vi)/5) = 8. From this we see that the minimal surfaces S^s 
constructed above form a 32-dimensional stratum in the moduli space of 
minimal regular surfaces with c\ = 8 and p g = 4. Thus we obtain the 
following: 

Proposition 3. In the moduli space of minimal regular surfaces with c\ = 8 
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and p g = A, there exists a 32-dimensional irreducible stratum A4 whose 
members ; s admit non-hyperelliptic genus 3 fibrations /" : Sfi — >■ B ! s with 
Vi ~ O b (2) © O b (2) © O b (3) and L4 ~ O fl (10), and swca £nat £ne members 
5" 's nave birational canonical maps. 

Remark 2. It is likely that the canonical image of a general constructed 
above belongs to Ciliberto's family X(8) in [61 Theorem 8.1]. We however 
remark that our S* has canonical image with non-ordinary singularities (in- 
deed, the quadruple line at the image by $\o nv ^(i)m** nVl) ("B)\ of { x 2 = 0}), 
hence at least not corresponding to a main member of X(8). 

The stratum M b 

Let us construct one more family of minimal regular surfaces with c\ = 8 
and p g = 4 that allow non-hyperelliptic genus 3 fibrations. Let B = P 1 again 
be the projective line, and put this time V\ = OsiX) © Ob (3) © Ob(3) and 
V 2 = O b (5) © Cb(4)® 2 © O b (6)® 3 . Consider the natural inclusion 

O b (2) © B (4)® 2 © B (6) m CV 2 = B {5) © B (4)® 2 ® O b {6)® 3 (10) 

induced by the morphism rj rji(r]o — 771) X : Ob(2) — > Ob(5) and the identity 
of (9b(4)® 2 © Cb(6) 03 , where {r]o,r]i} is again a base of the vector space 
H° (Ob (!■))■ We take a general isomorphism 

S\V l )-0 B (2)®0 B (X m ®0 B (Q) m ^Ob(2)®Ob(X® 2 ®O b (QT\ (11) 

and repeat the same steps as in the case of the stratum Ail- Then the image 

W of the rational Veronese map P(Vi) > P(V^) has at most singularities 

supported on the indeterminacy locus of the rational map W b > P(Vi)- 

This time, the linear system |(9p(y 2 )(2)©prp( y2 > ) ((L 4 ) <8,(_1 ))| has non-empty 
base locus. But by the same method as in 0, Theorem 8.2], we can show 
that the linear system \Of>{y 2 )(2) © Wwv 2 )((^) "^llw^ (and hence also 
\(Of(y 2 )(2) © pr£(y 2 \((.£4) ))lw ,|, l) is free from base points. Thus, putting 
S = X b , we obtain a relatively minimal non-hyperelliptic genus 3 fibration 
/ b : S — » B all of whose fibers are 2-connected, where is the relative 
canonical model associated to the 5-tuple. 

Let xq, xi, and x 2 be local bases of the direct summands O b (1), Ob(3), 
and Ob (3), respectively, of V\. Then the section A = {x\ = x 2 = 0} ~ P 1 C 
P(Vi) of the projection prp^ : P(V1) — > B is the base locus of the linear 
system |Op(y 1 )(l) © prp^u^j. Note that we have a natural isomorphism 
H°(Op(yi)(l) © P r p(vi) w s) — H°(us)- Note also that if we let Z be a local 
base of the direct summand B (5) of the sheaf V 2 = O b (5) © C , b(4)® 2 © 
(9b(6)® 3 , then the coefficient to Z$ of a general element of H°(E> 2 (V 2 ) © 



16 



(L^)®* -1 )) is nowhere vanishing (because L' A ~ (9b(10)). From these we see 
easily that for general S in our construction, the relative 1-canonical image 
E C P(Vi) does not intersects the section A C P(Vi). In particular, we see 
that the canonical system \K S b\ is free from base points, and that our S b 
is a minimal regular surface with c\ = 8 and p g = 4. Thus, we obtain the 
following: 

Lemma 3.4. Let pr P( y 2 -) : P(V^) — )■ B be the structure morphism of¥(V2), 
and L 4 — > V±, a sufficiently general morphism. Then the hypersurface X b of 
W b cut out by the corresponding section of H°((Of.(y 2 )(2) ® prp^^i^)^ - ^) 
)| H /b) is a minimal regular surface with c\ = 8 and p g = 4. The natural 
projection f b : S b = X b — > B gives a non-hyperelliptic genus 3 fibration all 
of whose fibers are 2-connected. 

Let $\Of( Vl - ) (i)®pi*iy : P(Vi) >■ P 3 be the rational map determined 

by the linear system |Op(v 1 )(l)®prLy 1 j(a;B)|- This time we see easily that its 

image is a non-singular quadric Q ~ P 1 x £> c P 3 , that this P(Vi) Q ~ 

P 1 x i? is compatible with the projections to B, and that for each closed point 

b G B the restriction P 2 ~ pT^} v Jb) > P 1 x {b} C P 1 x £? is the linear 

projection from the point Z\ n prp,^ (ft) G pr^/y^fe). Since the canonical map 
@\k s] ,\ of S b is the composite of the natural projection S b — > E b C P(Vi) and 
the rational map ^0^(1)^;^^, it follows that <L>\k s ,\ is a morphism of 
degree 4 onto its image Q. 

Lemma 3.5. If the surface S b in the construction above is general, then S b 
has no canonical involution. 

Proof. First let us prove that any general S b in our construction satisfies 
the following: for a general fiber F of f b : S b — > B, the restriction F 
P 1 x {f b (B)} C P 1 x 5 of ^\K sb \ has exactly 12 critical values, and for each of 
these critical values there exists only one critical point of F — > P 1 x {f^(F)} 
lying over it. 

For this purpose, let o~i : § 2 (Vi) — > V2 be the composite of the isomor- 
phism (ITT1) and the natural inclusion (|TU|) . Then, by L' 4 = (det V\)®Ob{t) ~ 
C?b(10), we see easily that there exist an isomorphism (ITTj) and a morphism 
L4 — >■ § 2 (V2) (—?• V4) such that the associated f b :S b ^-B has a general fiber 
of the form {x 4 + ax + f3 = 0} C pr^^/^F)) ~ P 2 , where a G fcfsci, a^ta 
and /3 G &;[xi,X2]4 are general homogeneous polynomials of degree 3 and 4, 
respectively. Since the discriminant of the degree 4 polynomial x 4 , + axo + 
in xo is u((16) 2 /3 3 — 27a 4 ) for a certain non-zero constant u G C, the re- 
striction <P\ K b j I jr : (x : xi : x 2 ) h-> (xi : x 2 ) G P 1 x {f(F)} C Q of the 
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canonical map $\K si \ to F has 12 distinct critical values. This together with 
the Hurwitz formula implies that, also for general a 2 : S 2 (V / L ) — > V 2 (with 
V l ~ O b {\) © (9 B (3) © Ob (3)), the associated f : S b ^ B satisfies the 
condition stated at the beginning of this proof. 

Now assume that a general S* in our construction has a canonical involu- 
tion l. Then, since the canonical map @\k b \ : S b — >■ <2 C P 3 is the composite 
of the natural projection S b — > S b and the rational map ^|o P(Vl) (i)®pr; (v , } (ujb)\ '■ 

P(Vi) — >■ P 3 , any general fiber F of / b is stable under the action by 

(i) ~ Z/2, where (t) is the group generated by the involution i. The natural 
projection F — > F j (t) is a double cover onto a non-singular curve F/ (t) (of 
genus g(F /{l))). Recall that the restriction , | 

of the canonical map $|x sb | has 12 critical values. By the uniqueness of the 
critical point lying over each of these 12 critical values, we see that all of these 
12 critical points are fixed points of i, which contradicts the implication by 
the Hurwitz formula that the number of the fixed points of i is 8 — 4g(F/ (i)). 
Thus our general S b has no canonical involution. □ 
Now let us compute the dimension of the stratum (in the moduli space 
of minimal regular surfaces with c 2 = 8 and p g = 4) filled up by S b, s of our 
construction. We use the same method as in the computation for the case of 
the stratum 

First, recall that for general o-i and general L' A — > V4, the canonical image 
4>, KS h(S^) of 5" is a non-singular quadric Q ~ P 1 x B C P 3 . The fibration 

f 1 " : S* — > B is given by the pullback of one of the two rulings of the quadric 
Q. Thus in order to compute the dimension of the stratum, we only need 
to compute the dimension of the family of isomorphism classes (up to auto- 
morphisms of the base curve B) of the non-hyperelliptic genus 3 fibrations 
constructed above. 

Let us compute this dimension. 

First, by the same argument as in the case of the stratum Ail, we obtain 
dimExt B ((9 T , S 2 (Vi)) = 18. Thus the choice of the extension class — >■ 
S 2 (Vi) — > V2 — > O t — > depends on 15 parameters. 

Next, under the fixed extension class, the choice of the hypersurface X b 
of W b cut out by L4 — > V4 depends on h°(Vi ® (L^)®' -1 )) parameters. Let us 
compute this dimension. Note that we have V\ ~ Ob (I) © Ob(3) © Cb(3), 
hence A'^i - O b {A)® 2 © O b (6) and § 2 (A" VI) ^ B (8f 3 © C B (10)® 2 © 
O b (12). Note also that when V 2 ~ B (5) © O b (A)® 2 © C B (6)® 3 , we have 

§ 2 (\/ 2 ) ~ B (8) m © B (9) m © Ob(10)® 7 © Ob(H)® 3 © O b (12)® 6 . 

Let us denote by £>b(8)® 3 ->■ § 2 (A 2 ^i) and S 2 (V 2 ) ->■ Cb(8)® 3 , the natu- 
ral inclusion and the natural projection, respectively, of the direct summand 
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B (8)® 3 , of S 2 (A Vl) and § 2 (^ 2 ), respectively. Then we see easily (by com- 
putation) that for general a 2 , the composite O b (8)® 3 — > (9b(8)® 3 of the 
three morphisms O b (8)® 3 -> § 2 (A* Vi), S 2 (a 2 ) o c : § 2 (A 2 K) -> § 2 (K 2 ), and 
S 2 (V2) — >■ Os(8)® 3 is a surjection (hence an isomorphism). This implies that 
the image (§ 2 (a 2 ) o c)((9b(8)® 3 ) is a direct summand in § 2 (14). Thus we 
obtain a short exact sequence 

2 

-> (§ 2 (/\ ^))/(0 B (8) e3 ) § 2 (F 2 )/((§ 2 ( ( 7 2 ) o c)(0 B (8)® 3 )) -> V 4 -> 0, 

where (S 2 (AV 1 ))/(O b (8)® 3 ) ~ B (1O)® 2 © O b {12) and 

§ 2 (V 2 )/((§ 2 (a 2 )oc)(OB(8)® 3 ))^ 

B (9f 2 © O B (10)® 7 © O b (11)® 3 © B (12) m . 

From this we obtain h\(V 4 © = 0. This implies that h°(V 4 © 

(I4)® (-1) ) = 26 and h 1 ^ © (L^)®^) = for a general S b in our construc- 
tion. Thus under a general fixed extension class, the choice of the hypersurfce 
X b depends on 25 parameters. 

Thus we have 15 + 25 = 40 parameters. But we have to subtract 
dim Aut(P(Vi)/-5) = 10. So the surfaces S^'s in our construction fill up 
a 30-dimensional stratum in the moduli space of regular surfaces with c 2 = 8 
and p g = 4. Thus we obtain the following: 

Proposition 4. In the moduli space of minimal regular surfaces with c\ = 8 
and p g = A, there exists a 30-dimensional stratum whose members 's 
admit non-hyperelliptic genus 3 fibrations f^ : S* 9 — >■ B's with V\ ~ 0b(1) © 
Cs(3) © Ob (3) and L' 4 ~ Ob (10), and such that the members S 7 s have 
canonical maps of degree 4 and no canonical involution. 

Remark 3. Minimal regular surfaces with p g = 4 having canonical maps of 
degree 4 can be found, e.g., in [10], [9], and [3]. Note however that our general 
S has no canonical involution, hence different from these examples. Note 
also that our S is topologically simply connected, hence different from those 
in [7j. The author does not know any reference on minimal regular surfaces 
with c 2 = 8, p g = 4 and no canonical involution having canonical maps of 
degree 4. See, e.g., [4j and [3] for references on surfaces with c\ — 8 and 

P 9 = 4 - 

General members of M 

Let S be a member of the stratum Ai given in Bauer-Pignatelli [3]. If S 
is general, then S is the minimal desingularization of a double cover of P 1 x P 1 
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branched along a member of the linear system \8A + 10-T|, where A and r 
are fibers of the first projection and the 2nd projection, respectively, and the 
branch curve has exactly 8 quadruple points and no other essential singularity 
(see [31 Theorem 3.5]). Thus S has a hyperelliptic genus 3 fibration / : S — > B 
that is induced by the second projection q : P 1 x P 1 — > B = P 1 . 

Lemma 3.6. Let S be a general member of the stratum Aio, cmd f : S — > B, 
the hyperelliptic genus 3 fibration given as above. If the corresponding point 
[S] G M.q is general, then all the fibers of f : S — >■ B are 2-connected. 
Moreover, V x = f*(u S \ B ) - O b {2) © O b {2) © O b (3) and L = ker a 2 ~ O b {2) 
hold. 

Proof. As given in [121 Proposition 8], there exists a member of M.$ such 
that all the fibers of the associated hyperelliptic genus 3 fibrations are 2- 
connected (but such that V\ — O b {1) @O b {?>) ®O b {?>)). Since the condition 
of all the fibers being 2-connected is an open condition in M.® (see [T2"l 
Lemma 4.1]), it follows that for any general member S of M.q all of the fibers 
of / : S — > B are 2-connected. Moreover, by [12, Theorem 1], we have 
degL = 2(x{O s ) + 2) - 8 - c\(S)/2 = 2. Thus we only need to prove that 
V 1 ~O b (2)®O b (2)®O b (3). 

Let {wi, . . . , w$} be the set of the quadruple points of the branch divisor 
of S^F 1 xP 1 . Since V 1 = f.{u} S \ B ) - q*{O F i xF i{2A + - Eti w i))> we 
have for any general choice of Wi, • ■ ■ , w$ a natural short exact sequence 

8 

-> Vt -)• q*0 P i xP i {2A + 5P) -)• C, K) -> 0, (12) 

8=1 

where Cq( Wi ) is the skyscraper sheaf supported on c\(wi) and whose stalk is 
isomorphic to C. 

Note that we have (q,O P i xP i(2^ + 5P)) © £> B (-3) ~ C B (2)® 3 . Form 
this we see that, if we take Wi, . . ., in general position, then 

8 

h°((q,O r i xV i(2A + 5r-J2^i))®O B (-3)) = 9-8 = l. 

i=i 

This implies that for w±, . . ., w& in general position, the morphism 

8 

#°((q*0 P i xP i(2A) + 5P)) © O fl (-3)) i/ o ((0 C qK) ) © Ob(-3))) 

»=i 

associated to the exact sequence fTT2l tensored by B (—3) is surjective. By 
this together with (q,C P i xP i(2Z\ + 5P)) © O b (-3) ~ Ob(2)® 3 , we obtain 
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H 1 {Vi © O b {— 3)) = 0. Thus if we write V\ as a direct sum of invertible 
sheaves, each direct summand has degree at least 2. Since degVi = 7, this 
implies V\ ~ O b {2) © O b {2) © Ob (3), hence the assertion. □ 

Let xo, xi, and X2 be local bases of the direct summands B (2), 0b(2), 
and C B (3), respectively, of the sheaf V x = O b {2) © O b {2) © O b (3). Then 
as in the case of M\, the morphism ^|o P(Vi) (i)®pr; (Vi) (a; s )| : P(Vl) -> p3 is 
the contraction of {x 2 = 0} ~ P(0 B (2) © C B (2)) C P(Vi) to a line in P 3 . 
Let C C P(Vi) be the relative conic cut out by the natural inclusion L = 
ker<72 — > § 2 (Vi). Since the canonical map &\k s \ of S 1 is the composite of the 
natural projection S-^Cc P(Vi) and the morphism @\o HVl) (i)®pr* {v ^b)] '■ 
P(Vi) — >■ P 3 , we obtain the following: 

Lemma 3.7. Lei S be a general member of the stratum M.q in |2J/. Then the 
canonical map $\k s \ of S is a morphism of degree 2 onto its image. 

Some special members of Mo 

In [12| Proposition 8], we have constructed a family of members S"s of 
M.q for which the associated hyperelliptic genus 3 fibrations / : S — > B's 
have Vx ~ O b (1) © O b (3) © O b (3) and L = kera 2 ~ C B (2). Let us compute 
the dimension of the substratum filled up by S"s of this family. 

We have already shown in [12, Proposition 8] that for general L — > E> 2 (V\) 
and general (V^ - ) 02 — > At the canonical image 4>\k s \{S) of S is a non-singular 
quadric Q ~ P 1 x B c P 3 . The hyperelliptic genus 3 fibration / : S — > B 
is given by the pullback of one of the two rulings of the quadric Q. Thus in 
order to compute the dimension of the stratum in the moduli space, we only 
need to compute the dimension of the family of isomorphism classes (up to 
automorphisms of the base curve B) of the hyperelliptic genus 3 fibrations 
constructed above. 

Again we shall count the number of parameters used in the construction. 
For the detail of the construction, see [T2] . 

First, the choice of the relative conic C G |Op(y 1 )(2) © pr^^L®* -1 )! cut 
out by L = ker o 2 —> § 2 (Vi) depends on dimP(Hom(L, S 2 (Vi))) parame- 
ters. Since L ~ O b {2) and § 2 (Vi) ~ B {2) © C B (4)® 2 © £> B (6)® 3 , we have 
h°(E> 2 (Vi) © L®^ 1 )) = 22. Thus the choice of C depends on 21 parameters. 

Next, under a fixed C, the choice of the branch divisor of X — > C cut 
out by (V 2 ~)® 2 ->■ A 4 = Cok(S 2 (Vi) © L -> § 4 (V\)) depends on dimP(Hom 
{{V 2 ~)® 2 , A4)) parameters. Let us compute this dimension. First note that 
we have the short exact sequence — > S 2 (V\) ©L — > § 4 (V\) — > A4 — > 0. Note 
also that we have in our case § 2 (Vi) © L ~ O b (A) © £> B (6)® 2 © O b (8)® 3 and 

§ 4 (^) ~ O b (4) © Ob(6) 02 © Ob(8) 03 © Ob(10)® 4 © 0b(12)® 5 . 
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Let us denote by S 4 (Vi) B {A) © £>b(6)® 2 © O b (8)® 3 the natural pro- 
jection onto the direct summand O b {4) © £>b(6)® 2 © C B (8)® 3 of S 4 (^i). 
Then we see easily (by computation) that for general L ~ O b {2) — > S 2 {Vi) 
the composite § 2 (Vi) © L C B (4) © £>b(6)® 2 © £>b(8)® 3 of the morphism 
S 2 (Fi)®L § 4 (Ki) and the projection S 4 ^) C B (4)ffiC i3 (6)® 2 ©CB(8)® 3 
is a surjection (hence an isomorphism). Form this it follows that A4 ~ 
C B (10)® 4 © C B (12)® 5 , hence h°(A 4 © (V 2 ~)^- 2 ^) = 19. Thus under a fixed 
C, the choice of X depends on 18 parameters. 

Thus we have 21 + 18 = 39 parameters. We however need to subtract 
dim Aut(P(Vi)/5)+dimAut(.B) = 13. So the surfaces S"s in our construction 
fill up a 26-dimensional stratum. Thus we obtain the following: 

Proposition 5. In the stratum A4o of Bauer-Pignatelli J^j, there exists a 26- 
dimensional substratum Ai S Q whose members S 7 s admit hyperelliptic genus 3 
fibrations f : S B 's with V x ~ B {1) © O b {3) © O b (3) and L = ker a 2 ~ 
(9b(2), and s«c/i £/ia£ £/ie members S 's have canonical maps of degree 4. 

Deformation of general members of M 

Now let us deform general members 5"s of the stratum A4o to members 
of the stratum A^g. 

Lemma 3.8. Let f : S — > B be a fibration as in Lemma \3. (A Then V 2 — 
O b (5). Moreover, if [S] G M is general, then V 2 + ~ C B (5)® 4 © O b (6). 

Proof. First, note that for a general u : O b — > O b (2)® 3 we have Coku ~ 
O b (3)® 2 . Indeed, if u is general, the cokernel Coku is a locally free sheaf of 
degree 6 that allows a surjection from O b (2)® 3 , hence Coku ~ O b {3)® 2 or 
Coku ~ O s (2) © B (4). So let us denote by Ax C Hom(C B , C B (2)® 3 ) the 
set of z/s such that Coku ~ C B (3)® 2 , and by A 2 C Hom(C B , C B (2)® 3 ) the 
set of z/s such that Coku ~ C B (2) © B (4). Then we have 

dimP(Ai) = dimHom(C i? (2)® 3 , O s (3)® 2 ) - dim Aut(C B (3)® 2 ) = 8, 

and, in the same way, dimP(/li) = 7. Thus we have Coku ~ O b {3)® 2 for 
general z/s. 

Take a general L = O b {2) ->■ § 2 (^) ~ C B (4)® 3 © C B (5)® 2 © C? B (6). 
Let z/ : L ~ 0b(2) — >■ (9 B (4)® 3 be the composite of this morphism and 
the natural projection to the first direct summand O b (4)® 3 . Then by what 
we have just remarked, we have Coku' ~ O b (5)® 2 . Thus the morphism 
H°(L © O b (-6)) -> #°((C>b(4)® 3 ) © £> B (-6)) induced by the morphism 
L — >■ Ob(4)® 3 is an isomorphism. From this we see that the morphism 
H X [L © O b (-Q)) ->• iy 1 ^ © Cb(-6)) induced by the exact sequence 

->• L © Cb(-6) § 2 (Vi) © O fl (-6) -»■ V 2 + © Cb(-6) -»■ 
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is an isomorphism, hence H 1 (V 2 + (8)Ob{— 6)) = 0. This implies that if we write 
V 2 as a direct summand of invertible sheaves, every direct summand has 
degree at least 5. Since degV 2 + = 26, it follows that V 2 + ~ £> B (5)® 4 © £> B (6). 
The assertion V 2 ~ — Ob{5) follows from [121 Proposition 4]. □ 
The following Proposition shows that in the moduli space of regular sur- 
faces with c\ = 8 and p g = 4, the stratum A4 in [3j lies at the boundary of 
our stratum Ai . 

Proposition 6. Let Aio be the 28 -dimensional stratum given in the classi- 
fication list in Bauer-Pignatelli J3j of minimal regular surfaces with c\ = 8 
and p g = 4 and with canonical involutions. Then for any general member 
S of M.q, there exists a deformation family n s : S — > T of S = vr^" 1 (t ) 
such that for any general t G T the fiber S t = ttj 1 ^) is a member of the 
32- dimensional stratum Ai constructed in Proposition^ 

Proof. Let S be a general member of .Mo, and / : S — > B, its associated 
hyperelliptic genus 3 fibration as in Lemmas 13.61 and 13.81 We shall deform 
this fibration / : S — >■ B using Theorem [2j 

Let L = ker 02 be the kernel of the multiplication morphism o<i : § 2 (Vi) — > 
V 2 , and C G |C P (y 1 )(2)(8)prp (v , i) L ,x,( " 1) |, the relative conic in P(Vi) determined 
by the natural inclusion L — > §(Vi). Note that for general [S] G A4q the 
relative conic C is non-singular. Indeed, since we have § 2 (Vi) © L®( -1 ) ~ 
O b (2)® 3 © £> B (3)® 2 © O b (A) by Lemma EH the linear system \O v(Vl) (2) © 
prjLy^L®( -1 )| is free from base points. So the smoothness of C follows from 
Bertini's Theorem (note here that taking general [S] G M.q corresponds to 
taking general L — > § 2 (Vi) and general L' 4 = (V 2 ) m — >■ A4). 

Let us check the conditions in Theorem [2] for our case. The condition 1) 
immediately follows from Lemmas 13.61 and 13.81 because by these lemmas we 
have § 2 (y) ~ £> B (4) 03 © B (5f 2 © B (6), V 2 + ~ O s (5)® 4 © B (6), and 

~ (9 B (5). So we only need to check the conditions 2) and 3). 

First let us check the condition 2). For this, recall that we have L' 4 = 
(V 2 )® 2 ~ 0b(1O). Recall also that we have the natural short exact sequence 
-»■ § 2 (A 2 V x ) ->■ § 2 (y>) ^ 0. Since we have 7 2 ^ C B (5)® 5 ©O i? (6) by 
Lemmas 13. 61 and l3.8[ we see from this short excrescence tensored by (L^)®^ 1 ^ 
that h l (V A © (Z^) ^ 1 )) = 0. Thus we have the condition 2) for our general 
[S]eM . 

Next, let us check the condition 3). Recall that we have V 2 = V 2 © V 2 
and S 2 (V 2 ) ~ §> 2 (V 2 + ) © (V+ © V 2 ) © (V 2 ~)® 2 . Meanwhile by LemmaESJ we 
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have 



§ 2 (K+) ~ O B (10) m0 © B (ll) m © O b (12), 
(V 2 + ®V 2 -)~O B (l0) m ®O B (ll), 
(V 2 ~f 2 ^L'^ O B (10). 

Thus the linear subsystem of |0p(y 2 )(2) ®pr^ v ^(L' 4 )®(~ 1 ' > \ given by the linear 
subspace generated by 

{(-5, 0, id (y - p2 ) : 5 G Hom((V7f 2 , § 2 (V+))} 

Cif (O P( v 2 )(2)©pr; (y2) (^)^- 1 )) 

is base point free on P(X^), where (—5, 0, id^-^ 2 ) is regarded as an element 
of if°(CV(v 2 )(2) © prp^^/^)®* -1 )) through the natural isomorphism 

H\O nV2) {2) ®vr* nV2) {L',r^) ~ Horner, § 2 (V 2 )) 

~ Hom((y 2 -)® 2 , § 2 (K+) © (V 2 + © l/ 2 -) © {V 2 r 2 ). 

Thus, by Bertini's Theorem, for a general 5 G Hom^V^ - )® 2 , S^V^)), the 
hypersurface X cut out by (—5, 0, id^-^) in VV|b 4o is non-singular, where 
W C P(V2) is the image of a rational Veronese map as in the proof of Theorem 
[2J since we have already checked the conditions 1) and 2), we can take a lifting 
(72 of <T2 as in the proof of Theorem El and obtain a W associated to this 
<7~2 : § 2 (Vi) — > V2 (see the proof of Theorem [2]). But this X is the relative 
canonical model of S associated to our general choice of the extension class 
and 5. Since taking general [S] G Aio corresponds to taking general extension 
class — )■ L — )• § 2 (Vi) -+ y+ and general 5 G Hom((Kr)® 2 , A 4 ), we 
have the condition 3) for our general [S] G Mq. 

Thus for any general member S of Aio, all the conditions in Theorem [2] 
are satisfied. It follows that for any general member S of M.q there exists 
a deformation family (<S, £>, T, i , f, 7r.s, 7Tb) of / : S — > B as in the proof of 
Theorem [2J Note that for our case, the effective divisor r in the proof of 
Theorem [2] can be taken in such a way that |suppr| = 3, because the nat- 
ural morphism Hom(S> 2 (Vi), V 2 ) — > Hom(L, V 2 ) is surjective (here |suppr| 
denotes the cardinality of the support of the divisor r). Thus, from the 
construction of the deformation family in the proof of Theorem [5J we see 
easily that for any general t G T the fiber St = 7r^ X \t) is a member of the 
32-dimensional family M.\. □ 

Deformation of general members of M s q 

Finally Let us deform general members S"s of the substratum M. s $ ■ 
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Lemma 3.9. Let S be a member of the substratum A^g P ; an d f : S — > B, 
the hyperelliptic genus 3 fibration given in Proposition^ Then V 2 ~ O b (5). 
Moreover if [S] E M S P is general, then V 2 + ~ 0b (4)® 2 © B (6)® 3 and A 4 ~ 
O b (10)® 4 ©Ob(12)® 5 . 

Proof. By Lemma we have Vf ~ (detVi) © L®^ 1 ) ~ C B {h). Now 
note that we have the short exact sequence — > L — > 8 2 (Vi) — > V 2 + — >■ (see 
|T2l Lemma 3.4]), and that L ~ O b {2) and S 2 (T4) ~ C B (2) © O b (4)® 2 © 
(!)b(6)® 3 . So if L -)■ § 2 (Vi) is general then the composite L ~ O b (2) -> 
0b(2) of the morphism L — )■ S 2 (Vi) and the natural projection § 2 (Vi) — > 
O b (2) is an isomorphism, hence V 2 + ~ Cok (L -»■ § 2 (Vi)) ~ Cb(4)® 2 © 
C B (6)® 3 . As for the assertion A 4 ~ C B (10)® 4 © C B (12)® 5 , we have already 
shown it in the proof of Proposition □ 

The following proposition shows that in the moduli space of minimal 
regular surfaces with c 2 = 8 and p g = 4, the substratum -Mq P lies at the 
boundary of the stratum M. Q . 

Proposition 7. Let -Mq P be the 26 -dimensional substratum given in Propo- 
sition^ Then for any general member S of M. S q , there exists a deformation 
family 71$ : S — >■ T of S = vr iS 1 (to) such that for any general t E T the fiber 
S t = ft^it) is a member of the 30 -dimensional stratum A4q constructed in 
Proposition [^} 

Proof. We use the same method as in the proof of Proposition O Let S 
be a general member of the substratum Ai S Q, an d / : S — > B, the associated 
hyperelliptic genus 3 fibration. Let us check the conditions in Theorem [2j 

By Lemma f3T9l we have dim Horn (S 2 (Vi), V 2 ~) = 8 and dim Horn (V 2 + , V 2 ) 
= 4. Thus the condition 1) is satisfied. 

Also, since V 4 ~ A A © (V 2 + © V 2 ) © {V 2 ) m by Lemma E2J it follows 
from Lemma EH that h\V 4 © (L'X^) = 0, where L' A = (KT)® 2 . Thus the 
condition 2) is satisfied. 

Now note that our case of V x ~ O b (1) © O b (3) © O b (3) and L ~ O b (2) 
belongs to Case B) of P2J Proposition 7]. In the proof for Case B) of [El 
Proposition 7], we have shown that if our 5 is general, then both the asso- 
ciated relative conic C E |(9p(y 1 )(2) © pr^^L® 1 ^ -1 ) | and the branch divisor 
of the natural double cover X — > C are non-singular. It follows that the 
relative minimal model X of our S is non-singular. Thus the condition 3) is 
also satisfied. 

Finally note that the morphism Hom(S 2 (Vi), V 2 ) — > Horn (L, V 2 ) in- 
duced by the exact sequence — > L — > § 2 (Vi) — > V 2 — > is surjective. Thus 
for our case, we can take the divisor r in the proof of Theorem [2] in such a 
way that it is supported on three distinct points in B. Then by the same 
argument as in the proof of Proposition El we obtain the assertion. □ 
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